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Abstract
We construct under [CH] a Tychonoff pseudocompact Fréchet space and a countably compact
Hausdorff Fréchet space which are both not strongly Fréchet.
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0. Introduction
A topological space X is Fréchet if the closure of a set can be described via convergent
sequences, i.e. for any A ⊆ X and any x ∈ A there exists a sequence in A which converges
to x. A space X is strongly Fréchet if for any decreasing family {An: n < ω} of subsets
of X and any point x ∈⋂{An: n < ω} we may pick points xn ∈ An in such a way that the
sequence {xn: n < ω} converges to x [6]. Equivalently, a Fréchet space is strongly Fréchet
if in addition it satisfies property α4 [1] (see also [7] for additional references).
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strongly Fréchet.
One may wonder whether it is possible to generalize in a non-trivial way the previous
assertion. Of course, two are the natural directions: from regular to Hausdorff or from
countably compact to pseudocompact.
The purpose of this note is to show that, at least consistently, these goals cannot be
achieved. All the basic notions used here can be found in [5,4].
As usual, the formula Q ⊆∗ P means that the set Q \ P is finite.
A collection {fβ : β < λ} of functions from ω into ω is a scale of cardinality λ if
fα(m) < fβ(m) for cofinitely many m ∈ ω whenever α < β and for every map f :ω → ω,
there is α such that f (m) < fα(m) for cofinitely many m ∈ ω.
The existence of a scale is equivalent to the assumption b = d (see [4]). Furthermore,
CH implies b = d = ω1.
For any f ∈ ωω let U(f ) = {(m,n) ∈ ω × ω: n  f (m)}. The sequential fan Sω is
the set ω × ω ∪ {p} topologized in such a way that every point of ω × ω is isolated and
a fundamental system of neighbourhoods at p is the family {{p} ∪ U(f ): f ∈ ωω}. The
space Sω is a standard example of a Fréchet space which is not strongly Fréchet. Moreover,
a Hausdorff (regular) Fréchet space is not strongly Fréchet if and only if it contains a
(closed) copy of Sω (see, e.g. [8]).
1. The Hausdorff case
Theorem 1. [b = d] There exists a countably compact Hausdorff Fréchet space which is
not strongly Fréchet.
Proof. As we are assuming b = d, we may fix a scale {fα: α < b}. Let b′ be the collection
of all α < b of cofinality at most ω.
The space we are going to construct has the form X = ω ×ω ∪ b′ ∪ {p}. For any α ∈ b′
let Uα = {(m,n): (m,n) ∈ ω×ω, fα(m) < n}. We define a topology on X in the following
way:
• ω ×ω is an open subspace with the discrete topology.
• For any α ∈ b′ the sets of the form (]β,α] ∩ b′) ∪ (Uβ \Uα) \ K , where β < α and K
is a finite subset of ω ×ω, constitute a fundamental system of neighbourhoods at α.
• The collection {{p} ∪ Uα \ K: α ∈ b′,K a finite subset of ω × ω} is a fundamental
system of neighbourhoods at p.
It is easy to see that the above assignment provides a Hausdorff topology on X. Since
each α ∈ b′ is an ordinal of cofinality at most countable, it follows that the space X is
first countable at every point different than p. Therefore, to prove that X is Fréchet we
need only to consider what happens at p. Let A ⊆ X such that p ∈ A. Of course, we
may assume A ⊆ ω × ω. Observe that the subspace ω × ω ∪ {p} is nothing else than the
sequential fan Sω. This immediately implies that the space X is Fréchet and at the same
time that it is not strongly Fréchet. To finish, we need to show that X is countably compact.
To this end, fix a countable infinite set A ⊆ X.
A. Bella et al. / Topology and its Applications 153 (2006) 1651–1657 1653Case 1: A ∩ b′ is infinite. Since b′ as subspace of X has the usual order topology, the
ordinal γ = supA∩ b′ belongs to b′ and satisfies γ ∈ A.
Case 2: A ⊆ ω×ω and p /∈ A. The latter condition implies that the set A meets infinitely
many columns of ω×ω and so there exists some partial function f ⊆ A having an infinite
domain. Since the set {fα: α ∈ b′} is cofinal in ωω, there exists some γ ∈ b′ such that the
set B = {m: f (m) fγ (m)} is infinite. If γ is the smallest ordinal with this property, then
the way we have defined the topology on X ensures that the point γ is in the closure of the
infinite set f  B ⊆ A. 
2. The pseudocompact case
The next construction is a modification of what has been done in [2], using an idea
developed in [3]. For the sake of completeness and also for the reader’s convenience, we
give below the detailed construction, even though some part of it repeats the one in [2].
The space in [2, Corollary 1], is only sequential and the construction is made by assuming
d = ω1. Here, the price to pay to get a Fréchet example is to reinforce the hypotheses by
assuming [CH].
Following the notation at the end of the introduction, let F be the neighbourhood filter
of p in Sω. Assuming the existence of a scale {fα: α < ω1}, it is easy to realize that
the family {{p} ∪ U(fα) \ n × n: α < ω1, n < ω} is a local base at p in Sω such that
U(fβ) ⊆∗ U(fα) whenever α < β .
By identifying ω × ω with ω, the space Sω takes the form ω ∪ {F}, where F is a free
filter with a base well-ordered in type ω1 by ⊇∗.
Theorem 2. [CH] There exists a pseudocompact zero-dimensional T1 Fréchet space which
is not strongly Fréchet.
Proof. Assume that the sequential fan has the form ω ∪ {F} and let {Fα: α < ω1} be a
base for F , where Fα ⊆∗ Fβ whenever β  α. Fix a scale {fβ : β < ω1} in ωω.
Let α,β be two countable ordinals and let G ⊆ ω × ω. As was done in [2], let us say
that the set G is parametrized by 〈α,β〉 if the following holds:
(1) G is a partial function ω → ω and dom(G) is infinite;
(2) dom(G) ∩ Fα = ∅;
(3) for each γ < α, dom(G) ⊆∗ Fγ ;
(4) G< fβ , i.e. G(n) < fβ(n) for each n ∈ dom(G);
(5) for all γ < β , the set {n: fγ (n) >G(n)} is finite.
If a set G ⊆ ω×ω is parametrized by 〈α,β〉 then we will write φ1(G) = α and φ2(G) = β .
Now, in order to incorporate in our construction the idea of Boehme and Rosenfeld [3],
we show that there exists a maximal almost disjoint collection G of parametrized subsets
of ω × ω having the additional property that any set A ⊆ ω × ω such that the set dom(A)
is closed in the space ω ∪ {F} is either covered by finitely many members of G together
with a set of the form n × ω or contains a member of G. Let {Aα: α < ω1} be an enu-
meration of all subsets of ω×ω whose domain does not have any convergent subsequence
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family of parametrized sets Gα in such a way that for any β < α the set Aβ is either cov-
ered by finitely many members of Gα together with a set of the form n × ω or contains a
member of Gα . Put G0 = ∅ and assume to have already defined the families {Gα: α < γ }
and let G′γ =
⋃{Gα: α < γ }. If γ is a limit ordinal then put Gγ = G′γ . If γ = α + 1 and
the set Aα can be covered by finitely many members of G′γ ∪ {n × ω: n < ω} then put
Gγ = G′γ . In the remaining case, let G′γ = {Hn: n < ω} and for each n < ω pick a point an ∈
Aα \ (H0 ∪· · ·∪Hn ∪n×ω) and let A′ = {an: n < ω}. Clearly, dom(A′) is not finite and it
does not converge to F . Let δ be the smallest ordinal such that dom(A′) \Fδ is infinite and
put B = dom(A′)\Fδ . Now, denote by C a partial function ω → ω satisfying dom(C) = B
and C ⊆ A′. Since the family {fβ : β < ω1} is a scale, we can find an ordinal β < ω1 which
is the smallest ordinal for which the set D = {n ∈ B: C(n) < fβ(n)} is infinite. Then let
G = C ∩D ×ω. It is immediate to check that the set G is parametrized by the pair 〈δ,β〉.
To complete the inductive construction, it is now enough to put Gγ = G′γ ∪ {G}. Finally, let
G =⋃{Gα: α < ω1}. Notice that G is already a maximal family of almost disjoint parame-
trized sets because any parametrized set is either covered by finitely many members of G
or contains a member of it.
For any α < ω1, let Rα = {(n, x) ∈ ω×(ω+1): n /∈ Fα, x  fα(n)}∪{G ∈ G: φ1(G)
α < φ2(G)}.
For any G ∈ G satisfying φ1(G)  φ2(G) let us fix a partition G = G′ ∪ G′′ in two
infinite sets. If G satisfies φ1(G) < φ2(G) then we put G′ = G.
Let X = ω × (ω + 1) ∪ G ∪ {a}, where a is a point not belonging to ω × (ω + 1) ∪ G
and define a topology on the set X as follows:
• ω × (ω + 1) is the usual product of a discrete space with a convergent sequence and it
is open in X;
• A neighbourhood base at a point G ∈ G consists of all sets {G} ∪ G′ \ D, where D is
finite;
• A neighbourhood subbase at a consists of all sets X \ Rα for α < ω1, of all sets
X \ (n × (ω + 1)), for n ∈ ω, and of all sets X \ (G′ ∪ {G}), where G ∈ G.
It is clear that the space ω× (ω+1)∪G, defined according to the first two conditions, is T1
and zero-dimensional. Taking this into account, it is evident that the above neighbourhood
assignment gives to the set X a zero-dimensional T1-topology upon the verification that
any set Rα is clopen in the space ω × (ω + 1)∪ G.
If n ∈ ω then the set {n}× (ω+ 1) satisfies either {n}× (ω+ 1)∩Rα = ∅ (case n ∈ Fα)
or {n} × (ω + 1) \ Rα = {n} × fα(n). So, we see that a point of the form (n,ω) is in the
interior either of X \Rα or of Rα .
Let us try now to do the same for a point G ∈ G. We have to distinguish three cases.
Case 1: α < φ1(G). Then G ∩ Rα ⊆ {(n,G(n)): n ∈ dom(G \ Fα)}. Since the latter
set is finite (because of (3), we have dom(G) ⊆∗ Fα), it follows that the point G is in the
interior of X \Rα .
Case 2: φ2(G) α. Because of (4), there is an integer n0 such that for any n n0 with
n ∈ dom(G) we have G(n) < fα(n). Consequently G ∩ Rα ⊆ {(n,G(n)): n < n0} and so
G is in the interior of X \Rα .
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sets dom(G) ∩ Fα and {n ∈ dom(G): (G(n) < fα(n)} are finite. Now, if k ∈ dom(G) \
(dom(G) ∩ Fα ∪ {n: G(n) < fα(n)}), we immediately see that (k,G(k)) ∈ Rα and hence
G \Rα is finite. So, the point G is in the interior of Rα .
Now that we have proved that X is a zero-dimensional T1-space, we may proceed to the
verification of the other required properties.
• X is pseudocompact. For this, it suffices to show that any infinite subset A ⊆ ω × ω
has an accumulation point in X. If dom(A) is finite, then there is some n ∈ ω such that the
set B = A∩ {n} ×ω is infinite. So, we have (n,ω) ∈ B ⊆ A.
Now, we assume that dom(A) is infinite. If dom(A) is not closed in the space ω ∪ {F}
then, taking into account that ω ∪ {F} is Fréchet, there exists a sequence S ⊆ dom(A)
which converges to F . Let H ⊆ A be a partial function with dom(H) = S. We see that H
is almost disjoint from any parametrized set and any set of the form Rα . Clearly, S ⊆∗ Fα
for each α < ω1 and so each Rα ∩H =∗ ∅. Moreover, if G is parametrized by 〈α,β〉, then
by (2), dom(G)∩Fα = ∅, and hence dom(G) and S; i.e., G and H , are almost disjoint. So
H is actually a sequence converging to a. In the remaining case, according to the way we
have constructed G, it follows that A is either covered by finitely many members of G or
contains a member of G. In both cases, there exists some G ∈ G such that either G′ ∩ A is
infinite and consequently G ∈ G′ ∩A or G′′ ∩ A is infinite and consequently a ∈ G′′ ∩ A.
The latter case happens only when φ1(G)  φ2(G). This clearly implies that G ∩ Rα is
finite for each α < ω1 and moreover, for any H ∈ G the set G′′ ∩H is also finite. The proof
that X is pseudocompact is then complete.
• X contains a closed subspace homeomorphic to ω∪{F}. Let us consider the subspace
Y = ω × {ω} ∪ {a} ⊆ X. Each point of the form (n,ω) is obviously isolated in Y and the
trace of the neighbourhood system given at a on Y is the family {(Fα \ n) × {ω}: α < ω1,
n < ω}. Thus, the subspace Y is homeomorphic to ω ∪ {F}.
• X is Fréchet. The space X is first countable at each point different than a. Therefore,
we need only to check that if a ∈ T , then there is a sequence S ⊆ T which converges to a.
We are reduced to consider three cases.
Case 1: T ⊆ G. If we put Vα = {G ∈ G: φ1(G) > α or φ2(G)  α}, then the family
{Vα \ A: α < ω1, A ∈ [G]<ω} is just the trace of a local subbase at a on the subspace
G ⊆ X.
Subcase 1a: the set T ′ of all elements G ∈ T for which φ1(G)  φ2(G) is infinite. In
this case, it follows that T ′ ⊆ Vα for every α < ω1 and so any countable infinite set S ⊆ T ′
is a sequence converging to a.
If Subcase 1a fails, then we may assume that φ1(G) < φ2(G) holds for each G ∈ T . Let
γ be the smallest ordinal such that a ∈ {G ∈ T : φ2(G) < γ }.
Subcase 1b: γ is a successor ordinal. Then the minimality of γ implies that a ∈ T ′,
where T ′ = {G ∈ T : φ2(G) = γ − 1}. Since Vα ∩ T ′ = ∅, for each α < γ − 1, it follows
that sup{φ1(G): G ∈ T ′} = γ − 1. Therefore, for any n < ω we may pick Gn ∈ T ′ in such
a way that {φ1(Gn): n < ω} is an increasing sequence converging to γ − 1. It is clear that
the sequence S = {Gn: n < ω} converges to a.
Subcase 1c: γ is limit. Fix α < γ and denote the set {G ∈ T : α < φ2(G) < γ } by T ′.
Then a ∈ T ′ by the minimality of γ . Hence T ′ ∩ Vα = ∅. It follows from the definitions of
T ′ and Vα that φ1(G) > α for some G ∈ T ′. Also we are assuming that φ1(G) < φ2(G) for
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there is a sequence S = {Gn ∈ T : n ∈ ω} such that φ1(Gn) > φ2(Gk) > φ1(Gk) whenever
n > k. Then |S ∩Rβ | 1 for every β < ω1. Therefore S is actually a sequence converging
to a.
Case 2: T ⊆ ω × {ω}. This case is easy since the subspace ω × {ω} ∪ {a}, being home-
omorphic to the sequential fan, is Fréchet.
Case 3: T ⊆ ω × ω. As we are assuming a ∈ T , the set T \ n × ω must be infinite for
every n < ω. In particular, dom(T ) is infinite. If dom(T ) is not closed in ω ∪ {F}, then as
we did in the proof of pseudocompactness, we may extract from T a sequence converging
to a.
Next, let us assume that dom(T ) is closed in ω∪ {F}. If there is some T ′ ⊆ T such that
a ∈ T ′ and the set T ′ is covered by finitely many members of G together with a set of the
form m × ω, then for some G in this finite family the set G′′ ∩ T ′ must be infinite. The
reason is that otherwise the set T ′ would be almost contained in a finite union of sets of the
form G′ and consequently a /∈ T ′. Now, the definition of the topology on X implies that
G′′ ∩ T ′ ⊆ T is actually a sequence converging to a.
According to the way we have constructed the family G, we can therefore assume below
that whenever a ∈ T ′ there exists some G ∈ G such that G ⊆ T ′. Since dom(T ) is closed in
ω∪{F}, there is some γ < ω1 such that Fγ ∩dom(T ) is finite. For this γ we obviously have
a /∈ T ∩ Fγ ×ω and so there is the smallest ordinal α satisfying a /∈ T ∩ Fα ×ω. Since
a /∈ Rα ∩ T , we have a ∈ M , where M = (T \Rα)∩ ((ω \Fα)×ω) = {(m,n): m ∈ ω \Fα ,
n < fα(m)}. Observe that any parametrized set G such that G ⊆ M must satisfy both
φ1(G)  α and φ2(G)  α. We claim that there exists some G ∈ G such that G ⊆ M
and φ1(G) = α. This will finish the proof, because such a G will provide us a sequence
G′′ ⊆ M which converges to a.
The claim is easily verified if α is a successor ordinal. The minimality of α implies that
a is also in the closure of the set M ′ = M ∩ Fα−1 × ω and any parametrized set G ⊆ M ′
clearly satisfies φ1(G) = α. Now, assume that α is a limit ordinal and fix an increasing
sequence of ordinals {αn: n < ω} which is cofinal in α. Put Fn =⋂{Fαi : 0  i  n}.
Again by the minimality of α, we have a ∈ M ∩ Fn ×ω and we may fix Gn ∈ G such that
Gn ⊆ M ∩ Fn × ω. Obviously, by passing to a subsequence if necessary, we may assume
that the Gn are all distinct. For every n ∈ ω choose an infinite set Kn ⊆ Gn with Gn \ Kn
infinite and such that Kn ∩ Km = ∅ whenever n = m. The set K =⋃{Kn: n < ω} cannot
be covered by finitely many members of G together with a set of the form m × ω and
therefore there exists G ∈ G such that G ⊆ K . The crucial fact here is that φ1(G) = α.
Indeed, if φ1(G) < α then there would be some n < ω such that G ⊆ K0 ∪ · · · ∪ Kn and
this in turn implies that |G∩Ki | = ω for some i  n. But then the maximality of G would
imply that G = Gi , which is impossible since G misses the infinite set Gi \ K . The proof
is then complete. 
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